FIOB2NVEP. - 2. 272 "Z5T M

ANALYTICAL THEORY OF THE LIBRATION OF THE MOON

M. MCONS
Department of Mathematics, Facultés Univ. N.D. de la Paix, Namur, Belgium

(Received 23 August, 1982)

Abstract. This paper presents a new theory of the libration of the Moon, completely analytical with
respect to the harmonic coefficients of the lunar gravity field. This field is represented through its
third degree harmonics for the torque due to the Earth (second degree for the torque due to the Sun).
The orbital motion of the Moon is described by the ELP 2000 solution (Chapront-Touzé, 1980) of
the main problem of lunar theory.
The physical libration variables are obtained as Poisson series and comparisons with the results of
Eckhardt (Eckhardt, 1981) and Migus (Migus, 1980) are presented.

1. Introduction

Since 1970, when the precision of the observations on the Moon’s motion jumped by a
factor 10 with the LRRR data, much work has been done in order to produce a theory
with an equivalent level of accuracy.

The numerical integration approach is well known and presents essentially two advan-
tages: facility of implementation and high precision of results; we are concerned here
with an analytical theory. This theory may be separated in two parts: the orbital motion
of the Moon and its rotational motion about its center of mass, the second one taking the
first one as data and being strongly dependent on it. This fact is probably the major
reason explaining the difference between the states of art in the two parts: when the
orbital motion theory is in the process of completion (Chapront-Touzé, 1982), an import-
ant work on the libration remains to be done. Up to recently the only theories taking into
account the planetary perturbations (Migus, 1977; Eckhardt, 1981) were still based on
the ILE (Eckert ef al., 1954). Eckhardt (1982) has just now published new tables based
on Chapront’s solution (Chapront and Chapront-Touzé, 1982).

Nevertheless, very precise theories have been built these last years concerning the
effect of the Earth and the Sun on the rotational motion of the Moon (Migus, 1980;
Eckhardt, 1981; Moons, 1982). The results of one of them are presented here in details.
The method used being already explained in previous papers (Henrard and Moons, 1978;
Moons, 1981, 1982), we will be satisfied with a brief summary of the theory.

2. Presentation of the Method

2.1 PHASE SPACE AND HAMILTONIAN OF THE PROBLEM

To describe the rotational motion of the Moon, we adopt two direct reference frames
centered at the center of mass of the Moon:
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— (e, e,, €3) which is an inertial system of reference, (ey, ;) being the ecliptic 2000
plane with e, towards the perigee of the Sun;

- (f, f,, f3) which is the system of the Moon’s principal axis of interia coresponding
to the moment of inertia matrix

A 0 O
0 B O|]withd<B<C.
0 0 C

As shown in Figure 1, the position of the second frame with respect to the first one is
described with the Andoyer’s canonical variables

My M; = ||ILj| cos I,
17} M, = |IL|
M3 M, = ||IL|| cos b,

i

where L denotes the angular momentum of the Moon.

ecliptic plane

equatorial plane

invariable plane
(perpendicular to L)

Fig. 1.

In fact, in order to control the virtual singularities of the Andoyer’s elements, we use the
modified Andoyer’s variables

Ay = mn g o, Ay = M,,
Ay = —us, Ay = My, —M,,
Ay = —uy, Ay = My—M;;

the singularities of which are of polar-coordinates type.
With these variables, Cassini’s laws (Tisserand, 1898) are expressed by

)\1 = K+7T, Al = nCa A2 = Oa A3 =~_hs A3 = ct,

where A denotes the mean longitude of the Moon with respect to the Earth, & is the
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longitude of the ascending node of the Moon’s orbit and » the mean motion in longitude
of the Moon.
Keeping in mind Cassini’s laws, we use the following canonical transformation:

Ay
——y,

nC

l2A, . [2A
X, = -n—gsm A, Vo = —n—é"—cos A2,
2A; . 2A
X3 = A/-’-1—6-?51n()\3+h), ys =/ ;E?cos()\3+h)—2u;

in order to obtain dimensionless cartesian-like coordinates (x;, y;) expressing deviations
with respect to a mean equilibrium position. The constant v, close to 1, comes from the
fact that the value of A, is close to #C and the constant u, close to 0.013, is related to the
value of sin 1/2.

The Hamiltonian for the libration of the Moon describes the rotational motion of the
Moon around its center of mass in the gravity field of Earth and Sun. It is expressed by an
expansion in (x;, y;) and the constants u and v are determined in such a way that the
quadratic part of the Hamiltonian is as close as possible to three harmonic oscillators:

I
H

X1 AN —A—m, I

3
H = Z (141.‘xi2 + Blylz) + F(xla X2, X3, V1,2, ) 3, t)'
i=1
Considering the smallness of the quantities (x;, y;), we truncate the expansion at the

fourth order in these variables.

2.2. APPLICATION OF A PERTURBATION METHOD

Let us first introduce action-angle canonical variables by way of the relations

1

X; = a;\/2Psinp Yy = &—\/2Pcosp,
1
. 1

X, = a;V/2(Qsing, Y2 = 2Qcosg,
2
1

X3 = a3V/2Rsinr, Y3 = &—\/2Rcosr.
3

The constants o; are determined so as to equate A4;o} with B;/a? and the Hamiltonian
becomes

H=n,P+n,Q0+nR+F(p,aq,rPQR,1,

with the following frequencies for the harmonic oscillators:

© Kluwer Academic Publishers ¢ Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/abs/1982M%26P....27..257M

FIOB2NVEP. - 2. 272 "Z5T M

260 M. MOONS
np = 0.025954386 109 * n,
ng = 0.000993 516 224 *n,
n, = —0.003 098977 293 * n.
We can separate the Hamiltonian in two parts: i.e.,
H = Hy+H,
with H, depending only on the momenta
Hy = nyP+n,Q+n.R+n,T.
The artificial momentum T, conjugate to the variable ¢, is introduced here to obtain a
conservative Hamiltonian.

After the separation, we can apply the Lie transform method in order to obtain an
expression of the Hamiltonian depending only on new momenta (which will be then con-
stants). The generator of the transformation is then used to express any function of the
osculating elements in terms of the new variables which are linear functions of the time.
In particular, we can transform the functions determining the position of the moving
reference frame with respect to the fixed one and, in this way, describe the libration.

In order to compare our results with others, we choose the variables p,, p,, the first

two direction cosines of the pole of the ecliptic relative to the axes of inertia and 7, the
libration in longitude (Eckhardt, 1965).

3. Presentation of the Results

3.1. BASIC ASSUMPTIONS AND DATA

We expand the figure of the Moon (assumed to be rigid) in spherical harmonics and con-
sider the Earth and Sun as point masses. We take into account the influence of the Earth
and Sun on the second harmonics and the influence of the Earth only on the third ones.
The solution ELP 2000 (Chapront-Touzé, 1980) of the main problem of lunar theory
supplies us with the position of the Earth. For the Sun, we adopt an elliptical orbit
around the Earth-Moon center of mass.

The constants used are:

k = M/E = 0.01230002,

k' = (E+M)/S = 0.000003 040,
C/(MR?) = 0.394,

e’ = 0.016 708,

R/a = 00045172,

a/a’ = 0.0025718813,

n' = 00748006575 *n,
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ng = 00124736531 % n,
np =—000402175214 %n,

where M is the mass of the Moon, £ the mass of the Earth, S the mass of the Sun, R the
equatorial radius of the Moon, e’ the eccentricity of the apparent orbit of the Sun, a the
mean Earth-Moon distance defined by n%®= G(E + M) with G the universal gravita-
tional constant, ' the mean Earth-Sun distance defined by n'%" = G(S + E + M) with
n' the mean motion in longitude of the Sun, n, the mean motion of the Moon’s perigee,
and n; the mean motion of the node of the Moon’s orbit.

The difference between these last three values and those of our 1982 paper causes
some differences on the results we present here and previous results (Moons, 1982).

The choice of the values of R/a and a/a’ implies the value of 1.002 726 for the A con-
stant of Jeffreys (Jeffreys, 1961).

The value of the mean motion of the Moon # is, in our theory, a scale factor and does
not need to be specified at this stage.

3.2. EVALUATION OF THE SERIES OF THE FORCED LIBRATION

The series p;, p,, 7 we present in Table I are completely analytical with respect to the
lunar gravitational field model parameters. They consist in a set of terms in the form

COEFF * FACTOR * S2.(j I +j,' +jsF +j.D),

where COEFF is a numerical amplitude in arc seconds, jy, . . . ,j4 are integer coefficients,
[ is the mean anomaly of the Moon, !' the mean anomaly of the Sun, F =X —h, D is the
difference between Moon’s and Sun’s mean longitudes, and FACTOR an expression
depending on MR?/C and the harmonic coefficients Cp,y;, Spm-

More precisely,

9
FACTOR = IT (E)¥,
i=1

where kq, . . ., kg are integer exponents
6§ —10.3 %107 2C—A—B 2MR?
El = 6 ) With 6 = = - CZOB
12 %10 C C
_Y—23=%107" . _B—4 4MR?
E2 - 6 % 10‘6 ’ with Y= C - C C223
—n * Cy , MR?
Ey = —= th = 0394 —;
3T 1510 Wit c
n * Cyy
E, = ————
354107
N * 83
E. =
1078
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n*Cy
E = ——-2
& 5%107

n* Sy

E, =
7T 2%107%

n#*Cy
E. =
® 3%107

_ M*83
2% 107

9=

The accuracy is 07001 for all values of the parameters such as
lE;| < 1, i=1,...,9,

and the epoch of the solution is 2000.

4. Comparisons with Other Theories

In order to compare the results presented in Table I with those of Migus (Migus, 1980)
and Eckhardt (1981), we adopt the Eckhardt’s 500 libration set of parameters.

TABLE II
Differences (Migus—-Moons)

Series Term Migus Moons Moons-Migus

D, sin F 5562.506 5562.459 —0.047
sin ( —F) 124.474 124483 0.009
ind. term —80.652 — 80.644 0.008
cos (' + D) - —0.006 —0.006
sin (' + D) - —0.006 —0.006
cos F 5540.379 5540.331 —0.048
sin (' + D) - 0.006 0.006
cos (' + D) - —0.006 —0.006
sin (2] — 2F) 17.139 17.020 —0.119
sin (2I' —2F + 2D) — —0.025 —0.025 =
cos(I —F) —6.617 —6.597 0.020
sin/ —16.780 —16.795 —0.015
cos F 1.070 1.084 0.014
sin /' 90.692 90.704 0.012
sin(! —1'—D) —1.143 —1.152 —0.009 *
sin (4 — 24’ —2D) 0.399 0.408 0.009 *
sin ({ — 2F) —0.418 —0.426 —0.008

The general agreement between the three theories is good, as shown in Figures 2 to 4
which are plots of the differences (superior to 07001) between the solutions in pairs. The
amplitude of the differences, evaluated for 2400 days from the Julian day 2444605, never
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exceeds 072, Except for an offset of 0708 on the independent term of p,, the discrepancy
between our solution and Eckhardt’s one does not exceed 0.05.

In Table II, we give the terms for which our solution and Migus’ one differ from one
another by more than 0.'005. Table III is similar but with respect to Eckhardt’s solution.

TABLE III
Differences (Eckhardt-Moons)
Series Term Eckhardt Moons Moons~Eckhardt
D, ind. term —80.724 —80.644 0.080
sin  — F) 124.492 124.483 —0.009
cos F 5.746 5.752 0.006
sin (' —F + 2D) 0.018 0.024 0.006
P, cos (| —F) —75.458 —75.433 0.025
sin F —5.769 —5.775 —0.006
cos (' —F + 2D) 0.018 0.024 0.006
T ind. term 214.170 214.187 0.017
sin (2] — 2F) 17.014 17.020 0.006

Some of the discrepancies come probably from the fact that the three authors use
different theories of the motion of the Moon’s center of mass (it is certainly the case for
the terms denoted by * in Table II). Moreover, the epoch of the theories used by Migus
and Eckhardt is 1900 and they had to adjust them to 2000.

In spite of our efforts, we cannot point out with any assurance to a specific source for
most of the discrepancies.

5. The Free Libration

The method we use permits us also to obtain an analytical expression of the free libration
of the Moon, oscillation which depends on the history of the Moon (impact of meteor-
ites, motions of masses, . . .) and on the dissipation processes inside the Moon.

In other theories, the free libration is disregarded. It is presented here as series depend-
ing analytically on the lunar gravitational field parameters but also on variables whose
values must be determined by the observations. These series are tabulated in Table IV
where each term is of the form

COEFF * 10° * FACTOR * 55,(jul +jl' +j3D + jaF +jsp +jeq + i),
where js, js, /7 are integer coefficients, p, g, r are the free libration angles, and
12
FACTOR = I1 (&)
i=1
with ElO = 2P, Ell = 2Q and E12 =4 2R the free libration mplitUdeS, k103 ku, k12

being integers.
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TABLE IV
Series of the free libration

ANALYTICAL THEORY OF THE LIBRATION OF THE MOON 281

ax EEREE REREEEY

P2

S8 2R RENR FRERNERER

' '
r N
1 X, | OO0 CO0O00 —~OO—OO—~ — —wDGC OO0 0000 PDOOOODOD
|,€ | et ettt OOCOOO0 O OO0 wmet mememe COOODOOS
] - OO0 OO0 C00 OMmMeOm-Oo O DOt O DO ot et ot ot ot v ol o
%
' '
' | OO0 OOCO0O0O~ CO0OOOm © OO0 OO0 O000 OOOo0OCAD
' | Om DO000D COo00O000 © OO0 OO0 OmdOm DeNOONG
1 ] et QOO COOODOODR © OO0 OO et otot vt ot ot ol =9 ot
' I SO0 00000 COO0ODC © OO0 OO0 OO0~ OOO0COOO0
' | D0 D000 OCODOOD O 000 00 OO0 COOODDOD
I 3 | O9 OOO~O OOO0O0O0D © GO0 90 OO00 DOOCO—Oo
1 2 1| OO0 COoOODO OO0COOGO O OO0 00 0000 COO0oD000
' 1
1 ¥ 1 N OO0 CO0O00O00D © OO0 OO0 (NemVNe Nm<umO~oOS
I ' | OO0 O0~00 O0D00=~D O 000 OO0 O000D COO0~DOO~
' ! ~O W~ DN~ DI NNO OO0 | ND mMoNDNTNO
U ¢ ! ~NOYTN conNMmMNN = InNONIND N DUNONBWNN
Ve +=00 |wowooo |(o|ocooi~oiocoe oVCCo000
1 L ) NOO O Ome=OoOO0O QO IO00Q | OO0 |00 ~“~O0OO0OODOOO
. . L . . & & LJ . . J [ LJ s o [ L3 s & & 8 . LA
' ' nooco NOOOSO olooo oo oo COCODOOD
' V- ty AR AR AR AN e 1
) ' om - n *nN
[ 3 1 oo (= (=] (=] -]
f m 1 OO P o %=1
. L] L] L] L] .
! ' oo o = oo
' ' [ ' 1
1 '
, &, OF ©OCOO00 ~OOwOO~ = —=O0 OC O000 OOCCOSeS
! _so ! e it OOQOO0OOOO (-] OO0 riem mmam- OO00D00000
[} [} [ } 1 [ I B ]
s L}
. T, o <o - o o
' '
m o - — e = " ™~
1 | ] ] 1 ] ]
] )
, S, = <o - @ = % o
: _,-— : L] (-] > — - ~N o~
oul omf vl gud el o) @) vl o) puf wuf =y o=y g =g ol gmg vug g g gl g gl puf onf pof Pu) sud e=g v=) g eg
v ! anan aoaoaana aa oo oaaa aasaacaacaaaca aa
[ |
v X, DOCO OO ~NOE ~O OF SO0 CORODUUO0RT OO0
|,€ ' et DOOODOD OO0 met it COOCOODCCTS e
(] . ] (=X X ¥ —] DD e e D v D o= [— X - -X—¥-J (el R o kol o X ko R R R B o DS
o
1 )
|,% 1 ~O00 —~OOOOOD OO0 OO0 OO00 UODOPODOOOd O
1oag CO0O COOOOO0D OO0 D0 CmOw CO-NONOO~OSOND O«
' 1 CODO COCOCO0 OO0 OO0 O0mm COOOGmmmmme OO
' % ' D000 OCODOOOE OO0 OO0 *mOO At —"OOOOOS
1o CO00 COODo00 OO0 OO0 OO0 DO OODOR O
'oag ! D000 COU00OD OO0 OO0 CO00 FOOOmNOCODD~ OO0
1 W2 D0 COOCOoTOD OO0 OO OO0O0 COOOODOODOOD O
' '
1 W DO COODOOE O OO NNt Nttt Dot Nt ot et D ot [ e
oWt COO~ COPOT—~ GO OO0 OODC OO~NOTIIO~NOGE O
! ! © ° N~ NOE~0 o+
o - " N MW NN~ N
[~ ] Qo [~ oQ MNeOoOOo o0
P o o o co = r-1-T= oo
[ * L) L] L] L] . L] L) . L]
' ! o Q -7-1 =1-1-¥-1-1 oQ
! ' MON| WONIN—~~| oW | o~ wel'' ' oDo~~ow
' ' W~ NNONNN M~ { DD nN NNMMNN
1 = ] [~ d= VCOWOOO | ~mO | =C o *FNOOOO
'™ s noo Cm=eOO00 |00 |00 (=2 > ] [~f~T=J-T-T0)
L ] s & s 8 s & & 8 s 8 L] L] L I ) L3N e & 5 o
Voo ~o0 NOOOOD |oo | o0 oo (Y1777
' ' [ o [ t e
: =z : COCO ~mOOLCD —O OO0 OO0 POCOOOIOS0S ©O
: » : e COOCOOC BF = Mo COOOOCOOSSS o
: _g') : [— X -X— ¥ OQ-'---QT—: D= O PO rivirdrusuvd et o vivi 4 OO
: - : o o o o <o o o
1 '
r S ° - i = Y Ry T
' '
, N, e = o = < o o
: 3--- : (-] < - - o™~ o~ ™~

© Kluwer Academic Publishers ¢ Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/abs/1982M%26P....27..257M

FTOB2NVEP. - 2. 277 7257

282 M. MOONS
, . EEEEEEEEZEEEEEEES B
1 N
I X1 0000000000000 ~OoD O
1 %‘ ] el - -
I S 1 000000 ODOOoTTd  ~
e
' '
1 22 0000 o0ORORooDOS ©
' 2 | OO ~NODOND~OmemeudNSS o
[] I D LD vt 98 ol vod eh pd wh 0 eh b o D vl ot i [—]
1 % [} S=-OOOOOOOLODOIIOODOD >
I 3 | ©OODOO0COPOOCOS0oe ©
I i | ©SO00C0O0~O0O0O~O00~ ©
1 2 1 ~000000000RCOP000 o
' '
1 & I O NAN~~O~ONoNOO~ee o
[ OO~ -HOOOD=E
! ' om
Pyl N
] Q 1 (=X =]
1wy ©O°
L] .
' ' oo
' ' ' munoNo~r~remoemo |«
' ! CLVONUNONDWrtrtes |
0 MNMeMONNOOOOOOORR | O
PR ' TNOOOOOOOUOOLOOQOL | O
. & 8 8 [ ) . LI ) L] . & L] e &5 8 L]
vw COOCOPCOCOOOTO0 | ©
' ' 1! ] 1
1 [}
, &~ , Pooococsonoooomo00 ©
1 1
r ¥ ITTTTTTTTYY T TR
: g:: COoOROO0CROSORORS
[} ]
) .’* ] ‘l‘
' ' °
! -g‘ )
[} 1
1 _? 1 <
e .
. Penponeoroey ooy EZEEREEEE EE E OB PEREEEIgEN
N
SN
1 X, 1 000000000000 0000 O0-RO000 O © OF OPRCO000OD0O0
|,€ ' COCODCODOCIND —dtet OO D Ot ot D ot vt ot ot 7t ot vt ot 7=t =t ot
] ‘,‘ ] e E L T T ] [-¥-X-¥-—) St Dodvtot o O (- ¥ -] -t SO [~ 2 -T—-X_—J-J- 1NN J-]
[} [}
' % I OO000O0OR00OR0 SO0 UoOOO0DDD O © OO0 OOOUDODORC
I i | —ONO~ONOO~~O O-O— OO00~O00 OO0 O OO ONONODO—~—w
' | ~meO00000000 —-O00 O000000- OO0 O OO0 O0O0D000DO0
] % ] PR Drtetrdritrdodototod DD vird MODODODE O @ (O vt vt ol omt o=t o o=t +=f oef b
1 32 | OO0000000R00 OO0 CODOD0O0 00 O OO0 0000000
' % | ~OCODOO~NOO~ED CODF OOCCO~NOD OO0 O 00 OCO0O~NOOO~0
I ' | OO0DO0DOOR00 0000 SDOC0O0D000 00 O 00 COO0O0OORC
' '
1 2V | CONNAASO——tOOMN NN SO ~CONG OO0 @ OO0 NaedGSmaNoOoN
I 2 | OO000NO00~O0 O000 O0000000 OO0 O DO OO~NODO0C—~OC
' ' e~ - © NRDONOTODD
t vt wmn - WNM-=ONBWOEn
- -1-T-] co o NONN=COOOD
O i [=J-1-] o0 [ =] NeOOO0O0QOO0O
. & 8 . 8 . e & & s 8 & & 5 & s
' ! ooe o0 < coooo?oooo
' ' n~omoouiNn-| ' 'nel vueanvn jnoloc {no bortreaa
! ! NNWL vttt et +nN TOM=Ntes | ON | =~ | NN
- DTEO0OOOOO co 0ODONOCO M| |l NS
1 - 1 000000 O0 (o] =) VOOCOOCOCO |OC O |00
e 8 & B . & & L] L] [ s 8 & s & & . & . . L]
L ' OO0 OOOO o0 NOQOOOQ |00 1O 1 OQ
Q| ' [ [ - 11 I '
g: z : COOOODCPOOOD OO0 OP~NOOOOD OO O OO oSO
S
) ¥, °°°o°eeScecss qogg mSSSSSon Sp S gm TITTTTTTTT
8: an : MRS AN d—n . D000 DHNO=—m—=G 00 o 00 O0C0CO0ooS
N
>0 '
Z. T, o =] ° o © ©
5
-— 4 []
R T @ - e 3 9
= 1
R T o =Y o - o o
s '
P S ~ = o O - ~

© Kluwer Academic Publishers ¢ Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/abs/1982M%26P....27..257M

FIOB2NVEP. - 2. 272 "Z5T M

ANALYTICAL THEORY OF THE LIBRATION OF THE MOON 283

The other quantities have the same meaning as for the forced libration series.

The amplitudes and phases of the free librations must be determined by observations.
Their frequencies are given in Table V. Let us notice at the end that the series presented
in Table IV, are truncated at the first order in \/2_13, \/2_§ and \/2_1§ (kyotkyutkp=1)
since these quantities are very small.

TABLEV
Frequencies

10* x np/n = 2.5949953
+0.0338222 % E,
+0.0086076 = E,
—0.001 0959 * E,
—0.000221 1 * (E)*
—0.0001126 % E, * E,
—0.0000500 * £,
+0.000 019 8 * (E,)?
+0.0000150 * E, * E,
—0.000014 3 * (E,)?
+0.0000038 * E, * E,
+0.0000029 * (E,)?
+0.0000028 * E; * E,
+0.000 0023 * (E,)?
+0.0000022 * (E,)? * E,
—0.0000011 % E, * (E,)?

10* xng/n = 9.98207
+0.12079 * E,
—0.01401 = E,
—0.01233 xE,
+ 0.00296 * E
—0.00019 = (E))?
+0.00016 xE, * E,

10® * ny/n = —3.096 310
+ 0.008696 * E,
+0.004 326 * E,
—0.003149 * E,
+0.000731  E,
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